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In this paper we introduce the notions of 2-compactness and fuzzy metacom- 
pactness for fuzzy topological spaces and prove the following theorem: 
THEOREM. A fuzzy topological space X is properly compact &iJit is 2-compact and 
fuzzy metacompact. f? 1988 Academic Press, Inc 
1. INTRODUCTION 
An ordinary topological space X is said to be metacompact if every open 
cover of X has a point finite refinement. Arens and Dugundji [2,6] proved 
that an ordinary topological space is compact iff it is countably compact 
and metacompact. Their result has been improved by Aquaro [ 11, Au11 
[3], Chaber [4], Wicke and Worrell [13], and Worrell and Wicke [15]. 
For fuzzy topological spaces, we do not find any investigations of a 
corresponding result in the literatureThe purpose of this paper is to try to 
provide such a decomposition theorem. 
2. PRELIMINARIES 
The notion of compactness in fuzzy topological spaces (fts) wds first 
introduced by Chang [S]. 
DEFINITION 1. A fts X is compact iff every cover of X of open fuzzy sets 
has a finite subcover. 
In the above definition, a cover Q of X is a collection of fuzzy sets 
A, (iel) in X such that XcUi.,Ai. If the index set I is finite, then 
Xc Uiel Ai implies that each fuzzy point in X belongs to a certain fuzzy set 
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A~, (i, E I). But if I is infinite, XC Uic, A, does not imply that each fuzy 
point in X belongs to a certain A I,,. This makes the notion of “cover” very 
inconvenient in the study of fuzzy compactness. The following stronger 
form of the notion of cover is more appropriate, it as given by Sakar in 
[lo, 111. 
DEFINITION 2. Let X be a fts. A collection d& of fuzzy sets A I (i E I) in X 
is said to be a proper cover if for each fuzzy point x in X, there is a fuzzy 
set A,E% (&EZ) such that SEA,. 
DEFINITION 3. A fts X is said to be properly compact if each proper 
cover of X of open fuzzy sets has a finite subcover. 
DEFINITION 4. A fts X is said to be properly countably compact if each 
proper cover of X of countably many open fuzzy sets has a finite subcover. 
DEFINITION 5. Let d be a set of fuzzy points in a fts X. If each open 
fuzzy set containing a fuzzy point x contains at least m (or infinite) fuzzy 
points in d, then the fuzzy point x is said to be an m- (w-) limit point 
of .&z. 
DEFINITION 6. A fts X is said to be m- (w-) compact if every set .d of 
infinitely many fuzzy points in X has an m- (CD-) limit point. 
It is easily seen that if m 2 n, then an m-compact fts X is also n-compact; 
an w-compact fts X is m-compact for all positive integers m. 
EXAMPLE 1. 2-compactness does not imply proper countable com- 
pactness. Let X = [0, 11, and r,, be a sequence of rational numbers in (0, 1) 
such that O<r,<r,< ... <r,< ... and lim,,,r,=l. We define the 
following fuzzy sets: 
if u < r,,, 
otherwise; 
if u is irrational or u = I, 
otherwise. 
Let t be the fuzzy topology generated by ~1, (n = 1,2, . ..) and v. Then 
(X, z) is not properly countably compact since { pn, v} is a proper cover of 
X of countably many open fuzzy sets without a finite subcover. 
Now we prove that (X, r) is 2-compact. Let ZZI be a set of infinitely many 
fuzzy points in X. If there are two fuzzy points in d having the same sup- 
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port 1, then the fuzzy point with support 1 and value 1 is a 2-limit point of 
d. If there are two fuzzy points in d having supports t, and tz such that 
maX(t,, tz) < 1, then let n=min{k; rkamax(ti, t,)}. It is easily seen that 
every fuzzy point with rational support such that rn -C supp x 6 r, + 1 and 
value 1 at supp x is a 24imit point of d. Therefore (X, t) is a 2-compact 
space. 
DEFINITION 7. Let %! = ( Ui; i E Z} be a proper cover of a fts X of open 
fuzzy sets. If V = { Vj;j~ .Z} is another proper cover of X of open fuzzy 
sets, and for each Vj in Y, there is a Ui in % such that Vjc U;, then V is 
said to be a refinement of %!. 
DEFINITION 8. Let 4 be a proper cover of a fts X of open fuzzy sets. A 
fuzzy point x in X is said to be a a’. f point if the number of all open fuzzy 
sets in % containing x is finite. 
DEFINITION 9. A fts X is said to be fuzzy metacompact if each proper 
cover 9 of X of open fuzzy sets has a refinement ^Y- such that the union of 
the supports of all Y.f points is the set X. 
LEMMA 1. Let X be a fuzy metacompact fts. Let %! be a proper cover of 
X of open fuzzy sets, Y be its refinement such that the union of the supports 
of all Y.f points is the set X. Zf 0 is an open fuzzy set different from the 
fuzzy set .I’, then there is a Y.f point x such that x 4 0. 
ProoJ: Since 0 is different from the fuzzy set X, there is a fuzzy point y 
such that y .# 0. Let z be a Y. f point with supp z = supp y. If the value of y 
at supp y is less than the value of z at supp z, then since y # 0, we know 
~$0. If the value of y at supp y is larger than the value of z at supp z, then 
since z belongs to finitely many open fuzzy sets in “Y, y belongs to finitely 
many open fuzzy sets in Y also, i.e., y is a Y.f point. It is known that 
y $0. Therefore in either case we can find a V .f point x # 0. 
3. A DECOMPOSITION THEOREM OF PROPER COMPACTNESS 
THEOREM 1. A fts X is properly compact iff it is 2-compact and fuzzy 
metacompact. 
Prooj: Necessity. It is trivial that a properly compact fts X is fuzzy 
metacompact, we need only to show that a properly compact fts X is 
2-compact. In fact we can prove a stronger assertion that a properly com- 
pact fts X is o-compact. 
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Let d be a set of infinitely many fuzzy points in X without o-limit point. 
Consider an arbitrary fuzzy point x in X. Since x is not an w-limit point Of 
d, there is an open fuzzy set 0, such that x E 0 ‘i and 0 ~ contains at most 
finitely many fuzzy points of d. It is easily seen that (0,; x E X} is a 
proper cover of X of open fuzzy sets. Hence there is a positive integer m 
such that Xc U:=, 0,. But UT=, O.,, contains at most finitely many fuzzy 
points of d, and each fuzzy point in A? belongs to a certain 0 ri, hence the 
set ZZ’ is finite, a contradiction. 
Sufficiency. We prove that if a fts X is fuzzy metacompact but X is not 
properly compact, then X is not 2-compact. 
Let @ be a proper cover of X of open fuzzy sets which has a finite sub- 
cover. Let V be the refinement of &, for which the union of the supports of 
all Y‘.f points is the set X. Choose a V.f point x, in X. Since A//‘ is a 
proper cover, there is an 0, E Y such that x, E 0,. Let 0, be the collection 
of all the open fuzzy sets in V” containing x, . Then 0, is a finite set. Denote 
the union of all open fuzzy sets in 0, by V 0,) then V 0, # X. By Lemma 1, 
there is a V.f point x2 $ V 0,. Since V is a proper cover, there is an 
O2 E %“^ such that X*E 0,. It is easily seen that Oze V\O,, otherwise 
iz E V fi, . Let 4 be the collection of all the open fuzzy sets in v \ fi, con- 
taining x2. Then o2 is’a finite set. Denote the union of all open fuzzy sets in 
0,u0* by V(0,uU2), then V(O,u0*)#X. By Lemma 1, there is a %‘.f 
point x3 $ V (0, u 4). Since VF is a proper cover, there is an 
03 E V/“\ (8, u 4) such that x3 E 0, E V\(B, u c2). Inductively we can find 
a sequence of V“.f points x, E 0, E V\ Ur= 11 &, such that the set o,, of all 
open fuzzy sets in Y\U::: 0, containing x, is a finite set, and if 
V (U::-,’ I-“,) denotes the union of all open fuzzy sets in IJ;:,’ G;, then 
-%4V (U721’ q”,). 
NOW we prove the following relation: 
If m > n, then x, $ V (UyZP,’ Q), hence x, 4 Q. If m < n, then for each 
0, E U,,,, we have x, E 0,~ V”\U::,’ Q, hence 0, $ U?:; Q, and x, $ O,,, 
x, $ V 0”. Therefore V 0” n Vi”=, xi = x,. 
Now we prove that the set of fuzzy points d = (xn; n = 1,2, . ..} has no 
2-limit points. Consider an arbitrary fuzzy point x in X. Since V is a 
proper cover of X of open fuzzy sets, there is an open fuzzy set 0, in Y’ 
such that x E 0,. If Ox+ Up”=, Q, then 0, is an open fuzzy set containing x 
which contains no fuzzy points of d. If 0, E U ,“= , 0,) then 0, E oiO for cer- 
tain i,. Since 0, c V Co, and V Q,, n Vp”= , x, = Xi,,, we know that the open 
fuzzy set 0 ‘i containing x contains just one point x;,, of the set d. Therefore 
we have proved that if a fts X is fuzzy metacompact but X is not properly 
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compact, then it is not 2-compact. This proves that a 2-compact and fuzzy 
metacompact fts X is properly compact. 
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